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A discussion on the interaction between skyrmions in a bi-layer system connected by a non-magnetic metal is presented.
From considering a free charge carrier model, we have shown that the Ruderman-Kittel-Kasuya-Yosida (RKKY ) inter-
action can induce attractive or repulsive interaction between the skyrmions depending on the spacer thickness. We have
also shown that due to an increasing in RKKY energy when the skyrmions are far from each other, their widths are
diminished. Finally, we have obtained analytical solutions to the skyrmion position when the in-plane distance between
the skyrmions is small and it is shown that an attractive RKKY interaction yields a skyrmion precessory motion. This
RKKY-induced coupling could be used as a skyrmion drag mechanism to displace skyrmions in multilayers.
The possibility of using magnetic patterns such as vortices
[1], domain walls [2] and skyrmions [3] in spintronic de-
vices has resulted in an increasing interest in studying stati-
cal and dynamical properties of these magnetization collective
modes. In particular, skyrmions are topological spin textures
that may appear as groundstate in non-centrosymmetric crys-
tals in the presence of the bulk Dzyaloshinskii-Moriya inter-
action (DMI) [4–8]. Due to their topological stability, small
size and low driving magnetic field/current density [9, 10],
skyrmions are also promising candidates to compose spin-
tronic devices based on the interesting concept of racetrack
memory [3, 11, 12], as well as in logic devices [13, 14] and
spin transfer nano-oscillators [15, 16].
Nevertheless, as a consequence of the skyrmion Hall ef-
fect, the use of these objects in racetrack devices is strongly
hampered because a skyrmion cannot move in a straight line
along the driving current or external magnetic field direction.
Therefore, magnetic skyrmions can be destroyed at the edges
of nanostripes[17, 18]. A possible way to avoid the skyrmion
Hall effect is the coupling between two skyrmions lying in
different layers. In fact, when two skyrmions are on separate
planes, changes in the interlayer exchange interaction and the
signs of the DMI can induce different statical and dynami-
cal properties of the magnetization [19]. In this context, it
has been shown that the Skyrmion Hall effect can be sup-
pressed by considering two perpendicularly magnetized fer-
romagnetic sublayers strongly coupled via an antiferromag-
netic exchange interaction [20]. Furthermore, skyrmions be-
longing to different layers can move simultaneously. That is,
the skyrmion in the layer without current follows the motion
of the skyrmion belonging to the layer in which an electrical
current is injected [20]. From experimental point of view, a
superimposition of skyrmions can be obtained from the strong
dipolar stray field of two skyrmions, which behave as a single
particle [21].
In this paper, we study the statical and dynamical prop-
erties of two skyrmions in superimposed layers connected
by a non-magnetic conductor material. The presence of the
conductor causes the magnetic layers interact through the
Ruderman-Kittel-Kasuya-Yosida(RKKY ) interaction[22–26].
The RKKY interaction is one of the most important and fre-
quently discussed couplings between the localized magnetic
moments in solids and adatoms interactions[27–30]. Particu-
larly, concerning topological objects, this interaction has been
proposed as a mechanism to stabilize an isolated magnetic
skyrmion in a magnetic monolayer on a nonmagnetic con-
ducting substrate [31]. Here, we show that due to the oscil-
latory signal of RKKY interaction as a function of the spacer
thickness, the interaction between skyrmions placed in dif-
ferent layers can be attractive or repulsive. Additionally, we
show that the skyrmion radius diminishes when the skyrmions
are far from each other, recovering their widths of isolated
skyrmions when they are superimposed. Finally, we obtain an
interaction potential for the case of ferromagnetic RKKY cou-
pling and solve the Thiele’s equation aiming to describe the
skyrmion dynamics when the in-plane distance between the
two skyrmions is small.
The considered magnetic system consists of two rectangu-
lar monolayer with dimensions 2`1 and 2`2 separated by a
non-magnetic metal with thickness d (See Fig. 1). The layer
spacer consists of a conductor material and the electrons are
described as free charge carrier, whose formula to RKKY in-
teraction is well established [26, 32]. Without lost of general-
ity, it is assumed that the skyrmion placed in the lower layer is
located at the origin of the adopted coordinate system in such
way that the magnetization pattern of the layers comprises a
skyrmion positioned in the coordinate r1 = (ζ,−ξ,d) and a
skyrmion at r2 = (0,0,0), where the subindices 1 and 2 re-
ar
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2FIG. 1. Adopted coordinate system to describe the skyrmions posi-
tion. Vertical bar shows the z-component of the magnetization pro-
file of the skyrmions. Gray region represents the non-magnetic metal
separating the layers.
fer respectively to the upper and lower layer. The magnetic
energy of an arbitrary magnetization profile will be given by
E = Ex+Edmi+Erkky, where Ex, Edmi e Erkky are respectively
the energies coming from exchange, Dzyaloshinskii-Moriya
and RKKY interactions. It is important to note that if the mag-
netic properties of the system is described only in terms of
exchange and DMI interactions, helical states are predicted to
appear [33]. Nevertheless, despite anisotropy and Zeeman in-
teractions are important to ensure skyrmion stability, for our
purposes, the knowledge on exchange and DMI energies is
enough to describe our results. For more details and analysis
of another terms to the magnetic energy, see Ref. [34].
In the continuous limit, the exchange and DMI energies are
respectively given by
Ex = J
∫
(~∇m)2dS , (1)
and
Edmi = D
∫ [(
−m× ∂m
∂y
)
·x+
(
m× ∂m
∂x
)
·y
]
dS ,
(2)
where m =M/MS is the unitary vector describing the mag-
netization direction, MS is the saturation magnetization of the
material, J is the exchange constant and D is the DMI con-
stant. The RKKY interaction will be determined from a con-
tinuous approximation considering that the properties of the
non-magnetic material connecting the layers can be well de-
scribed by a free electron gas. In this context, the energy com-
ing from the RKKY interaction between two magnetic mo-
ments is given by Hrkky = F(kFρ)m1 ·m2 [22, 25, 26], where
m1 is a magnetic moment in layer 1, m2 is a magnetic mo-
ment in layer 2, F(kFρ) is the function that determines the
coupling between two magnetic moments belonging to dif-
ferent layers, kF is the Fermi vector of the conductor material
and ρ=
√
(x1− x2)2+(y1− y2)2+d2 is the distance between
two magnetic moments in different layers. For a free electron
gas, the function F(kFρ) is given by [32]
F(kF R) = C3
(
2kFρcos(2kFρ)− sin(2kFρ)
k4Fρ4
)
, (3)
where C3 = A23M k4F/8pih2, A3 is the exchange interaction be-
tween electrons in the magnetic layer and conduction elec-
trons, M is the effective mass of the conduction electrons
and h is the Planck constant. It can be observed that, due
to the periodicity of trigonometric functions, the coupling be-
tween two magnetic moments can be ferromagnetic or anti-
ferromagnetic, depending on the distance between them. The
total RKKY interaction energy is given by the sum of all pairs
of magnetic moments of the bi-layer. Thus, in a continuous
approximation, the RKKY energy can be written as
Erkky =
1
S2
∫∫
m1.m′2 F(k f R)dS1dS
′
2 , (4)
where S is the surface area of a unitary cell of the magnetic
material and the integrals are performed along the surfaces
of the two magnetic layers. It is important to note that the
interaction is inversely proportional to ρ4 and for ρ √a,
F(kFρ) oscillates with a period T = Λ f /2 and decays as ρ3
[25].
In the adopted model, the magnetization vector field M(r)
is considered as a continuous function depending on the po-
sition inside the magnetic layer. There are several ansatz de-
scribing the magnetization profile of a skyrmion [35–39]. In
this work, we use the ansatz of Refs. [34, 40], in which
the magnetization is parametrized as m j = sinΘ j cosΦ j x+
sinΘ j sinΦ j y+ cosΘ j z, with
Θ j = arccos
(
λ2−R 2j
λ2+R 2j
)
, Φ= arctan
(
y− y j
x− x j
)
, (5)
where λ is the skyrmion characteristic length and R j =√
(x− x j)2+(y− y j)2. The subindex j = (1,2) describes the
layer in which the skyrmion j lies, that is, (x j,y j) = (ζ,−ξ)
for layer 1 and (x j,y j) = (0,0) for layer 2. Therefore, Eq.(1)
can be rewritten as
Ex = J
∫
∑
i=1,2
[(
∂Θ j
∂xi
)2
+ sin2Θ j
(
∂Φ j
∂xi
)2]
dS j . (6)
Subindex i in the sum refers to x (1) and y (2) coordinates. In
addition, Eq. (2) is also rewritten as
Edmi = D
∫ [
sinΦ j
∂Θ j
∂y
+ cosΦ j
∂Θ j
∂x
+
sin2Θ j
2
(
cosΦ j
∂Φ j
∂y
− sinΦ j ∂Φ j∂x
)]
dS j . (7)
From the described model we are in position to calculate
the total magnetic energy of the bi-layer system. Therefore,
from considering that the skyrmions are far from the borders
of the stripe, the exchange and DMI energies of the described
skyrmion profile are given respectively by Ex j = 4piλ2JG j and
Edmi j = 2piλ
3DG j, where
G j =
1
R 2j +λ2
− 1
R2j +λ2
,
R j = min[(L1− x j)2+(L1− y j)2,(L2− x j)2+(L2− y j)2].
It can be noted that, in the limit R j λ, the exchange energy
of the skyrmions is Ex ≈ 8piJ and Edmi ≈ 4piλD, which is in
3FIG. 2. Qualitative description of Ex +Edmi energy given as a func-
tion of λ for different relations J/D. In this case, we have used J = 1
and D = J/4 (blue), D = J/3 (black) and D = J/2 (red).
accord to the energy of solitonic solutions of the non-linear
σ-model [42]. Figure 2 shows the skyrmion energy as a func-
tion of its width for different J/D. It can be noted that, despite
the energy decreases when D increases, there is no qualitative
changes of the λ value that minimizes the magnetic energy.
This is associated with the fact that we are not considering
anisotropy or Zeeman interactions in this work. For more de-
tails and analysis on the skyrmion size, see Ref. [41].
Our main goal in this work is to determine the magnetic en-
ergy when the skyrmions are separated by a conductor layer.
Nevertheless, an expression for RKKY energy is hard to be
obtained analytically and so, it is numerically solved by the
integration of Eq.(4). We consider that the conductor mate-
rial is a copper layer for which k f = 1.36× 1010m−1. The
integration along all the region of the stripe demands a very
long computational time. Therefore, aiming to obtain numeri-
cal results faster, we have performed the numerical integration
by cutting the integration region. That is, we have calculated
the RKKY energy of one magnetic moment located in layer 1
with the magnetic moments located inside a square of side ρ
in the layer 2. This procedure was performed for all magnetic
moments in layer 1. It is noted that differences in the obtained
RKKY energy values starts to be negligible when the square
side is on the order of 1.2 nm. Thus, by using this value to the
square side, we have calculated the RKKY energy as a func-
tion of the spacer thickness and the skyrmion position along y-
direction. The main results are summarized in Fig.3, in which
it can be noted that due to the periodicity of the RKKY in-
teraction, the skyrmion-skyrmion interaction can be attractive
or repulsive, depending on the interlayer thickness. We have
also performed the numerical integration of Eq.(4) for differ-
ent values of λ aiming to understand how RKKY interaction
influences the skyrmion width; the results are shown in Fig.4.
We have obtained that the RKKY energy depends on the skyr-
mon width only when they are far away one to another. That
is, for large distances, the skyrmion radius diminishes aiming
to reduce RKKY energy. However, when the distance between
them decreases, RKKY energy is independent of the skyrmion
width and then, when the skyrmions are superimposed, their
FIG. 3. RKKY energy between skyrmions as a function of the in-
terlayer distance. Figure (a) shows the RKKY energy as a function
of the distance between the skyrmions for an interlayer distance of
4 nm. Inset is a view of the region in which the in-plene distance
between skyrmions is less than 10 nm. Fig. (b) presents RKKY in-
teraction when the interlayer distance is 2.5 nm.
widths must be determined by the interplay among uniaxial
anisotropy, exchange and DMI interactions, being equal to the
isolated skyrmion width [34, 41].
We will now describe the skyrmion dynamics from con-
sidering two layers in the absence of currents and external
magnetic fields. Additionaly, we will assume that the in-plane
skymion distance is on the order of λ because, for larger dis-
tances, the potential coming from RKKY interaction is prac-
tically constant. In our analytical model, we neglect the dy-
namical deformation of the skyrmions in such way that, the
Landau-Lifshitz-Gilbert equation can be reduced to the Thiele
equation[43], written as
−gzˆ×v j(t)+αDv j(t) =−∇U(r1− r2) , (8)
where subscripts j label the layers (1 and 2). The first term
in the above equation describes the Magnus force exerted by
the magnetic texture in the magnetic skyrmion located in the
j-th layer, which displaces with velocity v j. Once we are con-
sidering the dynamics of a highly symmetrical skyrmion, we
have that g = −4piMs/γ, where γ is the gyromagnetic ratio.
The second term represents the dissipative force action in each
magnetic skyrmion. The right side of Eq.(8) represents the
force that determines the skyrmions dynamics, which contains
a contribution from the potential U(r1− r2), originated from
4FIG. 4. RKKY energy for different values of skyrmion widths for d =
4 nm. It can be noted that the skyrmions energy increases with λ for
large distances. However, when the distance between the skyrmions
is ≈ d, the RKKY energy is independent on the skyrmions width.
the skyrmion-skyrmion interaction. From the results obtained
to the RKKY energy, we can state that when r = |r1− r2| is
very small, the interaction energy between skyrmions is given
by a harmonic potential Ur→0 ≈ κ1r2, where κ1 depends on
the layer distance and the conductor parameters and r is the
distance between the skyrmions along the xy-plane. From Fig.
3 one can note that this approximation is very good when the
skyrmion centers are separated by a distance r . 20 nm. On
the other hand, in the asymptotic limit r & λ, the interaction
energy is almost constant and comes from the interaction of
the skyrmion in layer 1 with the ferromagnetic state in layer
2 and vice-versa, with Ur&λ = κ3. In these asymptotic lim-
its, we can obtain the analytical solution to Eq.(8) and it is
presented into the Appendix A. By using the result given in
Fig.3, we can also assume that the potential in the intermedi-
ary zone (that is, 20nm < r < 70nm) can be very well repre-
sented by U = κ1r2/(κ2 + r2)+κ3 (See Fig. 3a). From esti-
mating C3S2 ∼ 1015 Jm, we have obtained the position of the
skyrmions for d = 4 nm as a function of time and the results
can be viewed in Fig. 5. It can be noted that when the in-
plane distance between skyrmions is on the order of λ, a drag
effect is observed and an attractive interaction is observed in
such way that the two skyrmions become coupled, precess-
ing one around other with frequency ω = 4κ1tg/(g2+α2).
This precessory motion is resulted from the interplay between
skyrmion-skyrmion attraction and the Magnus force exerted
by the magnetic texture in the magnetic skyrmions. In this
way, when the skyrmions move one towards the other, the
skyrmion Hall effect produces a displacement of skyrmions in
opposite directions and the resulting motion is that one shown
in Fig. 5b. The skyrmions can be decoupled by changing the
interlayer distance when an antiferromagnetic RKKY interac-
tion appears.
The observed skyrmion coupling is a very interesting re-
sult because it opens the possibility to realize devices based
on the concept of skyrmion drag effects. That is, if it is pos-
sible to apply different in-plane magnetic fields or different
FIG. 5. Fig.a shows the positions along y-axis of skyrmions as
a function of time. Fig.b shows the precessory motion of both
skyrmions around each other in the in-plane perspective.
anisotropies in layers 1 and 2, the skyrmions can displace with
different velocities; however, when the distance between them
is small, skyrmions couple and can displace together, which
can diminishes the skyrmion Hall effect due to the increasing
of the effective skyrmion mass. In addition, a magnetoresis-
tive device can be proposed because there is a decreasing in
the resistence when the skyrmion are superimposed. In fact,
the value of an electric current passing through the multilayer
system in the direction perpendicular to the planes depends on
the skyrmion positions because magnetoresistive effects take
place and the resistence diminishes when the skyrmions are
superimposed.
In conclusion, we have described the coupling between
skyrmions in different layers separated by a conductor non-
magnetic material. It has been shown that the RKKY interac-
tion can lead to a skyrmion coupling/decoupling, depending
on the spacer thickness. The skyrmion radius is also affected
by RKKY interaction in such way that it diminishes when the
skyrmions are far from each other and it increases when they
are in an small in-plane distance. The dynamics of this sys-
tem show that when skyrmions in different layers are put near
one to another, they execute a precession motion around each
other. The drag effect mediated by RKKY can be used to move
skyrmions in different layers with the same velocity.
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Appendix A: Solution of Thiele Equation for interacting
skyrmions
The dynamics of the skyrmion pair is determined from the
solution of Thiele’s equation (8). In the limit of r → 0 the
potential can be approximated by a harmonic oscillator of the
kind U = κ1r2. The analytical solution to the Thiele equation
is given by
x1r→0 =
1
2
{
ζ+ e
−4κ1tα
16pi2+α2
[
ζcos
(
16κ1pit
16pi2+α2
)
−ξsin
(
16κ1pit
16pi2+α2
)]}
(A1)
y1r→0 =
1
2
{
−ξ− e
−4κ1tα
16pi2+α2
[
ζsin
(
16κ1pit
16pi2+α2
)
+ξcos
(
16κ1pit
16pi2+α2
)]}
(A2)
x2r→0 =
1
2
{
ζ+ e
−4κ1tα
16pi2+α2
[
−ζcos
(
16κ1pit
16pi2+α2
)
+ξsin
(
16κ1pit
16pi2+α2
)]}
(A3)
y2r→0 =
1
2
{
−ξ+ e
−4κ1tα
16pi2+α2
[
ζsin
(
16κ1pit
16pi2+α2
)
+ξcos
(
16κ1pit
16pi2+α2
)]}
(A4)
